Abstract: This paper examines the role of waves in the development of the instability of an unbounded transverse mixing layer in shallow waters. In supercritical state waves become significant. The matching of the wave-like asymptotic solution in the far field to the solutions near the inflection and the returning surfaces poses a difficult mathematical problem. We therefore conducted numerical simulations to find solutions directly from the shallow-water equations. The simulations found that the growing waves in the unstable current had a consistent structure throughout the linear stage of the instability's development.
Introduction
The transverse mixing layer in shallow waters is a shear flow developed between free streams of different velocities. The mixing layer in deep water is unstable according to Rayleigh's Inflexion Point Theorem (Rayleigh 1880). In shallow waters, the instability produces gravity waves in the mixing layer, while the instability is in turn affected by the reflection and transmission of the waves. In his formulation, Balmforth (1999) defined the instability in shallow waters at the inflection point of the base flow, and at the returning surfaces where the flow velocity matches the speed of the gravity waves. Takehiro & Hayashi (1992) delineated the role of waves on the instability of linear shear flow in shallow waters by the over-reflection and transmission of waves through the returning surface. Waves are known to similarly affect the instability of other shear flows that admit waves. These include the problems that occur in compressible flow (Blumen et al. 1975; Sandham & Reynolds 1990; Mack 1990) , in rotating shear flow (Lindzen et al. 1980; Maslowe 1991) and in gravity stratified flow (Lindzen & Barker 1985) .
For the unbounded shear flow, Maslowe (1991) matched the wave-like asymptotic solution in the far field to the solutions near the inflection and the returning surfaces via a radiation boundary condition to allow the waves to escape. Sandham & Reynolds (1990) found the growth rate of the instability in the mixing layer up to a Mach number Ma c = 1.2, using the normal-mode method. The simulation for the unbounded mixing layer described in this paper was conducted without making a priori assumptions for the normal mode. The direct numerical simulation is intended to provide some of the wave-and-current interaction details that are beyond those that are obvious from the normal-mode solution.
Unbounded Mixing Layer in Shallow Waters
As shown in Figure 1 , in our simulation the base flow of the unbounded mixing layer is the hyperbolic-tangent (TANH) velocity profile:
The velocities in the free stream are U 1 and U 2 . Simulation for the instabilities starts with a small perturbation (h , u , v ) to the base flow (H, U, 0). The evolution of the disturbance (h , u , v ) with time is determined from the numerical solution of the following shallow-water equation for h = H +h , 
where g is the gravity. The simulations are conducted using a fifth-order WENO scheme for the spatial interpolation on a staggered grid and a fourth-order Runge-Kutta method for the time integration.
The computational domain is defined by the periodic boundary condition over one wave length in the longitudinal direction from x = 0 to x = λ x , and the radiation boundary condition at y = y − and y = y + . Simulations for the shear instability are conducted using a computational domain of y + = −y − = 3λ x and 256 nodes over the wave length λ x . The calculations are shown to converge, reaching an accuracy of 4 significant digits for the exponential growth rate of the disturbance. The numerical procedure and the convergence of the simulation to true solution are given in recent papers by Karimpour & Chu (2015a) and Karimpour & Chu (2015b) . In the present simulations, the initial disturbance is a small depth fluctuation h /δ ω = 10 −10 sin(2π/λ x ) specified along a narrow strip in the central region between y = −λ x /64 and y = +λ x /64 (h = 0 elsewhere). The velocity scale is
The length scale is the vorticity thickness δ ω = (U 1 − U 2 )/Û y , whereÛ y is the shearing rate at the inflection point. The development of the instability depends on the wave number of the disturbance k x = 2π/λ x , and the convective Froude number Fr c
where √ gH is the speed of the gravity waves. The classical analysis is based on the assumption of the normal mode
D r a f t Implicit in the normal-mode approach is the requirement of a time-independent relation of the real and imaginary parts of Ω with k x and Fr c (Criminale et al. 2003; Schmid & Henningson 2012) . The real part of Ω is the frequency of the waves ω = (Ω). The imaginary part (Ω) is the fractional growth
In the direct numerical simulations, the fractional growth rate α is calculated from the growth of the disturbance's kinetic energy K = 1 2 (u 2 + v 2 ) as follows:
The single over-line is the operator for the averaging from x = 0 to x = λ x . The double over-line is the operator for further averaging from y = y Table 1 gives the amplitude of the disturbance from the t bÛy 20, 90 and 250 to the t eÛy 500, 1450 and 2250, for the cases (a), (b) and (c) respectively, when the fractional growth is maintaining a consistent rate. Over these linear stages of the instability's development, the amplitudes of the disturbance are magnified millions of times, but remain sufficiently small for the nonlinear terms to be negligible.
The instability of shear flow in gas is a closely analogous problem affected by the waves. Sandham & Reynolds (1990) determined the fractional rates α for ideal gas with the TANH velocity profile using the classical method. the specific heat ratio of the gas is 2 (Liggett 1994) . In the analogous problem in gas, the speed of the sound a defines the convective Mach number Ma c = (U 1 −U 2 )/(2a). The supercritical instability is not an eigenvalue problem because the fractional growth rate is not a constant value that can be determined as an eigenvalue. Nevertheless, the rate obtained by Sandham & Reynolds (1990) growth is maintained at the averaged rate of α/Û y = 0.0094 as the disturbance's amplitude is amplified Table 1 ). This consistently slow growth, with modulation leading to a huge amplification, occurs entirely in the linear stage of the instability's development. The direct numerical simulation is one approach among others that have been developed to study linear instability problems without the eigenvalue (see Trefethen et al. 1993; Criminale et al. 2003; Schmid & Henningson 2012) . figure. With the proper normalization, these profiles of the growing waves are unchanged; the constant structure is maintained throughout the development as the disturbance is magnified millions and million of times from the beginning of time t bÛy to the end of time t eÛy (see Table 1 ). Such structure is constant for exactly the same reason that the normal mode is the admissible solution for the eigenvalue problem.
Constant versus Consistent Structure of the Instability
The unbounded mixing layer becomes supercritical when the current speed relative to the free streams exceeds the speed of the gravity waves; that is, when
The instability in the supercritical state is not constant but has a consistent structure modulating over the period T M . Figure Table 1 , the modulation period of this supercritical instability is T MÛy = 55, which is approximately equal to twice the period of the gravity wave TÛ y = 27.
Anisotropic Structure that Depends on Convective Froude Number
The presence of the waves increases with the convective Froude number Fr c . Figure 7 
Trapped Waves between the Returning Surfaces
The most remarkable feature of the supercritical instability occurs at the returning surfaces where waves change direction. The returning surfaces are identified by the sharp changes in momentum and vorticity gradients shown in Figure 1 (b and c) and Figure 4 (b 1 and b 2 ). Previous studies (Balmforth 1999; Takehiro & Hayashi 1992) showed that the returning surfaces occur at locations where the current speed relative to the free streams matches the speed of the gravity waves. There are two returning surfaces in the unbounded mixing layer. On side 1 of the mixing layer at y = y r1 , the velocity relative to the free stream at the returning surface is
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Angle of the Oblique Waves in the Free Streams
Outside the trapped region, the waves are oriented at an oblique angle θ from the longitudinal xdirection. As shown in Figure 1 , the wave number vector k on the x-y plane has two components; the component k x is specified while the component k y is determined from the numerical simulation. 
The y-component of the wave-number vector in the free stream is k ya = 2π/λ ya .
Location of the Wave Maker
The oblique waves in the free streams are the product of a moving wave maker. The speed of the wave maker is critically dependent on the location of the wave maker. One hypothesis is to assume the wave maker is located at the other side of the returning surface, as described in Figure 1 . The oblique waves in side 1 of the free stream are produced by the over-reflection at the returning surface on side
Published by NRC Research Press D r a f t 2. On the other hand, the oblique waves in side 2 of the free stream are produced by the over-reflection at the returning surface on side 1. According to this hypothesis, the oblique angle θ of the waves in the free stream would depend on Fr c as follows:
Figure 6 
Figure 6 (b) shows how the sin θ in the ordinate is calculated by the incorrect formula. Clearly, the waves are not generated at the inflection point; that is why Equation 13 does not agree with the simulation.
Transmitted Waves in the Free Streams
The waves beyond the returning surfaces in the free streams are not small. Waves that are generated on one returning surface are partially transmitted through the other returning surface. The transmitted waves reduce in amplitude with distance away from the returning surface, as shown in Figure 5 , because the strength of the wave maker is growing exponentially at a modulating rate. The envelope of the modulation is the thin dot-dot line in the figure. It defines the amplitudes of the crest of the waves A(t, y), which is a function of the time t and the lateral position y. The waves of this amplitude are produced at the wave maker at an earlier time t wavemaker = t − t travel . The travel time from the wave maker located at y wavemaker to the waves at position y is t travel = (y − y wavemaker ) cos θ/ √ gH. D r a f t 10 unknown Vol. 99, 2016 A wavemaker (t wavemaker , y) that produce these waves at the earlier time t wavemaker is the transmission coefficent TC = A(t, y)/A wavemaker (t wavemaker , y) shown in Figure 5 (e). The value of the transmission coefficients calculated by using this somewhat heuristic method, which vary from 0.2 to 0.3, are obtained for the range of crest locations from y/δ ω = 2 to 12.
Summary and Conclusion
This paper used direct numerical simulation to examine the waves on the instability of the unbounded mixing layer in shallow waters without making an a priori assumption for the normal mode.
The simulation for the subcritical instability has produced the anisotropic structure of the instability and its dependence on the convective Froude number. These results could also have been obtained from the solution of the eigenvalue problem. The simulation for the supercritical instability, on the other hand, has produced the modulating growth of the trapped waves between and beyond the returning surfaces. 
